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For technical reasons, virtually all plastic deformation experiments on geological materials have been
performed in either pure shear or simple shear. These special case loading geometries are rather
restrictive for those seeking insight into how microstructure evolves under the more general loading
geometries that occur during natural deformation. Moreover, they are insufﬁcient to establish how
plastic ﬂow properties might vary with the 3rd invariant of the deviatoric stress tensor (J3) which de-
scribes the stress conﬁguration, and so applications that use those ﬂow properties (e.g. glaciological and
geodynamical modelling) may be correspondingly compromised. We describe an inexpensive and
relatively straightforward modiﬁcation to the widely used Paterson rock deformation apparatus that
allows torsion experiments to be performed under simultaneously applied axial loads. We illustrate the
performance of this modiﬁcation with the results of combined stress experiments performed on Carrara
marble and Solnhofen limestone at 500e600 C and conﬁning pressures of 300 MPa. The ﬂow stresses
are best described by the Drucker yield function which includes J3-dependence. However, that J3-
dependence is small. Hence for these initially approximately isotropic calcite rocks, ﬂow stresses are
adequately described by the J3-independent von Mises yield criterion that is widely used in deformation
modelling. Loading geometry does, however, have a profound inﬂuence on the type and rate of devel-
opment of crystallographic preferred orientation, and hence of mechanical anisotropy. The apparatus
modiﬁcation extends the range of loading geometries that can be used to investigate microstructural
evolution, as well as providing greater scope for determining the shape of the yield surface in plastically
anisotropic materials.
© 2016 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).1. Introduction
Almost all deformation experiments designed to investigate the
plastic ﬂow properties of geological materials have been performed
using the special case loading geometries of pure shear (axial
compression, axial extension) or simple shear (torsion). However,
during natural deformationmore complex stress conﬁgurations are
to be expected, and so it is important to establish the effect that
loading geometry has on ﬂow behaviour.
In terms of mechanical properties, accounting for general stress
conﬁgurations amounts to determining the inﬂuence of the 3rderic and Environmental Sci-
g, Oxford Road, Manchester
(S.J. Covey-Crump).
Ltd. This is an open access articleinvariant of the deviatoric stress tensor (J3) on the mechanical
response because it is this invariant that contains information
about the geometry of the applied stresses (e.g. Lile, 1978). This
requires experiments under some combination of pure and simple
shear so that the 2nd and 3rd invariants of the deviatoric stress
tensor may be varied independently. In the absence of experi-
mental data of this kind, it is conventional to employ the von Mises
yield criterion in deformation modelling applications, that is, to
approximate the deformation as being independent of J3. This
rather strong approximation may not lead to large errors e the
effect of loading geometry could be small. Combined stress exper-
iments on a number of engineering materials have shown that
while there is a consistent deviation from the von Mises yield cri-
terion that may be accommodated by a J3 term, this deviation is
indeed small (Prager, 1945; Drucker, 1949; Rees, 1982).
Of considerably greater signiﬁcance for geological materials,under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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Fig. 1. The results of Taylor and Quinney's room temperature, combined axial extension þ torsion tests on thin-walled tubes of various metals (Taylor and Quinney, 1931). The same
data are plotted in two different ways, and in each case curves showing the predicted strengths according to the yield criteria of Tresca (T), von Mises (vM), and Drucker (D; upper
and lower bounds), Eqs. 6a-c, are also shown. (Left) Shear stress (t) supported at different applied axial stresses (sax) with both normalized by the yield stress (sy) obtained in an
axial extension test. (Right) Maximum differential stress normalized by sy versus Lode's stress parameter. Taylor and Quinney concluded that based on the copper and aluminium
results, the von Mises yield criterion provides a better description than the Tresca yield criterion.
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Fig. 2. The Tresca and von Mises yield criteria shown on the p-plane (the plane in
principal stress space that has the line s1 ¼ s2 ¼ s3 as its pole). The copper and
aluminium data of Taylor and Quinney (1931) as shown in Fig. 1 are also plotted. These
cover only a 30 sector but they have been repeated assuming isotropy, pressure in-
dependence, and no Bauschinger effect, that is, on the assumption that the yield locus
has hexagonal symmetry about the origin. If the yield locus is everywhere convex (as
follows from Drucker's plastic stability postulate) and passes through the vertices of
the inner hexagon, then it must lie within the shaded area. The conﬁning pressure (p)
was zero in Taylor and Quinney's experiments.
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that loading geometry has on the nature and rate of development
(or modiﬁcation) of crystallographic preferred orientations and
other mechanically signiﬁcant fabrics. Developing the capability to
perform combined stress experiments on geological materials is
therefore important for providing better constraints on theinterpretation of natural deformation microstructures. It is also
important for evaluating the plastic ﬂow properties of anisotropic
materials (e.g. Tsai and Wu, 1971; Ohashi and Tokuda, 1973;
Lliboutry, 1993; Cazacu and Barlat, 2004; Cazacu et al., 2006;
Rees, 2006, p.339e367).
Performing combined stress tests to investigate the plastic ﬂow
behaviour of geological materials presents considerable technical
challenges because for almost all geological materials of interest,
the experiments must be performed at elevated conﬁning pres-
sures and temperatures to suppress fracturing. In the work re-
ported here, we describe a relatively simple and inexpensive
modiﬁcation to the widely used Paterson rock deformation appa-
ratus (Paterson and Olgaard, 2000), which allows torsion experi-
ments to be performed under simultaneously applied axial load.
We show the results from tests performed at 300 MPa conﬁning
pressure and temperatures of 500e650 C on initially isotropic,
polycrystalline calcite rocks. These experiments were designed to
examine the dependence of the plastic ﬂow properties on J3, with
the expectation that this would be small but systematic and so
would provide a strong test of the quality of the mechanical data
that can be obtained in this way.
2. Background
2.1. Dependence on the 3rd deviatoric stress invariant
The general form of a constitutive equation that describes the
isothermal plastic deformation of an isotropic material when the
ﬂow properties are independent of prior deformation history has
been derived by Glen (1958) (acknowledging F. Ursell). He noted
that for an isotropic material the strain-rate tensor must have the
same symmetry as the stress tensor. Hence the individual compo-
nents _εij of the strain-rate tensor must be related to the compo-
nents sij of the stress tensor in the following way
_εij ¼ a0ðI1; I2; I3Þdij þ a1ðI1; I2; I3Þsij þ a2ðI1; I2; I3Þsikskj
þ a3ðI1; I2; I3Þsiksklslj þ a4ðI1; I2; I3Þsiksklslmsmj þ… (1)
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the three invariants, I1, I2, and I3, of the stress tensor. Using the
Cayley-Hamilton theorem (e.g. Schowalter, 1978, p.130e131) then
siksklslj  I1sikskj  I2sij  I3dij ¼ 0 (2)
and so the fourth and all further terms in Eq. (1) may be rewritten
as functions of the preceding three terms. Consequently, the most
general form of the constitutive equation is
_εij ¼ a0ðI1; I2; I3Þdij þ a1ðI1; I2; I3Þsij þ a2ðI1; I2; I3Þsikskj (3)
For mean stress independent, incompressible deformation, Eq.
(3) may be rewritten as
_εij ¼ a1ðJ2; J3Þsij0 þ a2ðJ2; J3Þ
h
sik
0skj
0  2J2dij3
i
(4)
where sij0 are the components of the deviatoric stress tensor, and J2
and J3 are the 2nd and 3rd invariants of that tensor. Glen's result
(Eq. (3) and (4)), expressed in the form of stress as a function of
strain-rate, has been frequently derived in slightly more general
terms in texts on non-Newtonian ﬂuid mechanics (e.g. Astarita and
Marrucci, 1974, p.50e54; Schowalter, 1978, p.134e137), and is the
constitutive equation for a so-called Reiner-Rivlin ﬂuid (Truesdell
and Noll, 2004, p.475e481). If the incompressible viscous ﬂow of
a real ﬂuid fails to be adequately described by this expression, then
it is because the strain-rate is not uniquely determined by the
instantaneous stress state or it is because the observed response is
complicated by anisotropy.
In order to describe plastic ﬂow using Eq. (4) it is necessary to
evaluate the functions a1(J2, J3) and a2(J2, J3). For the experimen-
talist this means performing deformation experiments in which J2
and J3 can be varied independently. Axial loading or torsion tests
alone do not sufﬁce: in axial compression or axial extension tests J2
and J3 cannot be varied independently because in these types of
tests J3 ¼ 2(J2/3)3/2, while in torsion tests J3 ¼ 0. Consequently,
lacking experimental information about J3 dependence, multiaxial
generalizations of the rheological measurements obtained from
high temperature rock deformation experiments generally1
3
p
M
ax + p
Fig. 3. The geometry of the combined axial compression þ torsion test (sax is axial stress,M i
are made apparent by the geometry of the Mohr diagram.approximate Eq. (4) as
_εij ¼ a1ðJ2Þsij0 (5)
that is, by implicitly making the approximations, (a) that the indi-
vidual components of the strain-rate tensor are directly propor-
tional to the corresponding components of the deviatoric stress
tensor (the proportional loading approximation), which since
[sik0skj0  (2J2dij/3)] is generally non-zero, requires that a2(J2, J3)¼ 0,
and (b) that the deformation is independent of J3.
In their classic early experiments in which axial loads and tor-
ques were applied simultaneously so as to allow J2 and J3 to be
varied independently, Taylor and Quinney (1931) found that for
several metals tested at room temperature and pressure there were
only small departures from the von Mises yield criterion (Fig. 1),
that is, from plastic ﬂow dependent only on J2 (Fig. 1). Experiments
on a wide range of engineering materials have conﬁrmed these
ﬁndings (e.g. see references cited in Rees, 2006, p.74e75, and
Lissenden et al., 2004; for similar discussions concerning the vis-
cosity of non-Newtonian ﬂuids see Slattery and Bird, 1961, and
Tanner, 1966).
That departures from the von Mises criterion may be expected
to be small arises as a logical consequence of the combined effect of
the following three considerations:
(1) Drucker's plastic stability postulate from which it follows
that the yield surface in principal stress space must be
everywhere convex (e.g. Chen and Han, 1988, p.163e170 and
250e255; Rees, 2006, p.311e313),
(2) the observation that if yielding occurs at stress state (a, b, c)
in principal stress space then for isotropic materials it also
occurs at (a, c, b), (b, a, c), (b, c, a), (c, a, b), and (c, b, a), and
(3) the observation that if the magnitude of the yield stress
during loading under given stress ratio is equal to that ob-
tained in reverse loading under the same stress ratio (no
Bauschinger effect) then yielding also occurs at (a, b, c),
(a, c, b), (b, a, c), (b, c, a), (c, a, b), and
(c, b, a).p
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Fig. 5. The performance of the thrust bearing assembly as illustrated by the output of
the torque sensor during twisting/untwisting cycles at three different axial compres-
sive loads. In each case the torsion hit-point was not accurately detected during the
ﬁrst loading but it was during subsequent loading cycles. Consequently, in the tests
reported here two loading cycles (to maximum torques much less than those required
for yielding) were performed prior to the main torsion phase of the deformation. “Nm”
refers to the uncalibrated output of the torque sensor; the real torque was about two
thirds of these values.
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Fig. 6. Outputs from the torque and axial load sensors during a test in which the
sample was ﬁrst loaded in axial compression to 6.4 kN at zero torque, and then twisted
at constant rate with the axial load held ﬁxed at 6.4 kN by an external load cell. The
changes in apparent torque during axial loading, and in apparent axial load during
torsion, as given by the internal load cell, are relatively small.
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plane (thep-plane) in principal stress space, the yield locusmust lie
within the relatively small shaded area on Fig. 2. This shaded area is
bounded at small stresses (inner hexagon) by the Tresca yield cri-
terion which states that yielding occurs when the maximum shear
stress reaches a critical value, k1,
max

1 =2 js1  s3j; 1 =2 js2  s3j;1 =2 js1  s2j

¼ k1 (6a)
and therefore contains within it an implicit J3 dependence. The
outer hexagon is imposed by the condition that the yield locusmust
be everywhere convex. The circle is the von Mises yield criterion
which states that yielding occurs when J2 reaches some critical
value, k2,
J2 ¼ k22 (6b)
Several different functions incorporating J3 dependence withinFig. 4. Apparatus diagrams. (a) Schematic diagram of the rock deformation apparatus used i
axial column, illustrating how torque is transferred from the axial column to the load cell via
initially to be gaps (here much exaggerated in size) between the splines and the load cell (le
cell) until the gaps in the direction of twist have been closed (right diagram). For this arran
load (torque) cell and in a pure torsion test this is achieved by leaving a small gap at the aster
to accommodate the initially applied axial load. Hence the thrust bearing assembly is inser
load cell. (c) Schematic diagram of the thrust bearing assembly. (d) View of the parts of ththe shaded area have been proposed (Desai, 1980; Rees, 1982, 2006,
p.76e79). Of these, the most widely used is that of Drucker (1949)
J2
3  cJ32 ¼ k36 (6c)
where c is a material constant that must lie in the range 27/
8 c  9/4 if the yield surface is to be everywhere convex, and k3 is
some critical value. Note that if c ¼ 0, Eq. (6c) reduces to the von
Mises yield criterion (Eq. (6b)).
Although these experiments on engineering materials and the
consequences of Drucker's plastic stability postulate imply that the
J3 effect on plastic ﬂow properties in isotropic materials is small, the
potential signiﬁcance of loading geometry effects has long
remained a matter of debate in the ice sheet modelling literature
(Morland, 1979, 2007; Budd and Jacka, 1989). This stems from
Glen's analysis of some combined torsion þ axial compression
experiments on ice by Steinemannwhich showed that curves of the
2nd invariant of the strain-rate tensor versus the 2nd invariant of
the deviatoric stress tensor plotted at constant applied shear stress,
were sensitive to the magnitude of that shear stress, which should
not be the case if the ﬂow properties depend only on J2 (Glen,1958).
Subsequent ice experiments performed under combined
torsion þ axial compression or in direct shear at different
compressive loads have produced contradictory results, with some
studies ﬁnding a large departure from J2-only dependence and
others no signiﬁcant departure (see Baker, 1987; and Li Jun et al.,
1996, and references therein). What is clear from these experi-
ments, however, is that once the ice has deformed sufﬁciently to
become mechanically anisotropic, there is a strong dependence of
the ﬂow properties on loading conﬁguration, through the inﬂuence
that the loading geometry has on the type and the rate ofn this study (adapted from Paterson and Olgaard, 2000). (b) Cartoon, looking down the
vertical splines (the ‘teeth’ in the diagrams). Assembly of the apparatus requires there
ft diagram). During initial twisting ideally no torque is applied to the sample (and load
gement to work, the axial column must initially be free to rotate independently of the
isked surface in Fig. 4a. In a combined torsionþ axial compression test this gap is closed
ted at this location to provide a low friction surface between the axial column and the
e thrust bearing assembly.
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et al., 1996; Warner et al., 1999).
2.2. Combined stress tests
The simplest combined stress test to perform at elevated
conﬁning pressure and temperature is a torsion test on a solid,
right-circular cylindrical sample that is simultaneously held under
constant axial load. The principal stresses (s1, s20 and s3) in such
tests are speciﬁed in Fig. 3 in terms of the applied axial stress (sax),
the applied shear stress (t), and conﬁning pressure (p). In this
conﬁguration
J2 ¼

sax
2
.
3

þ t2 (7a)
J3 ¼

2sax3 þ 9saxt2
.
27 (7b)
For ease of reference, derivations of these expressions are pro-
vided in Supplementary document 1.
It is common practice when comparing stresses obtained in
experiments performed at different combinations of sax and t to
deﬁne an equivalent stress, seq, which becomes equal to sax in an
axial loading test (t ¼ 0). The deﬁnition of seq depends upon the
yield function used. For the Tresca, von Mises, and Drucker yield
criteria (Eq. (6a), (6b), and (6c) respectively) we have,
Tresca : seq ¼

sax
2 þ 4t2
1=2
(8a)
von Mises : seq ¼

sax
2 þ 3t2
1=2
(8b)
Drucker : seq ¼
nh
J2
3  cJ32
i. h
ð1=3Þ3  cð2=27Þ2
i o1=6
(8c)
Again, for ease of reference, derivations of these expressions are
also provided in Supplementary document 1.
The deﬁnition of the corresponding equivalent incremental
plastic strain, dεeq, depends not only on the yield criterion but also
on the hardening scheme (strain-hardening or work-hardening)
used (Hill, 1950, p.23e33; Chen and Han, 1988, p.258e259; Rees,
2006, p. 298e304). For the von Mises criterion, the strain-
hardening and work-hardening value of dεeq is the same and
given by,
dεeq ¼
h
dεax2 þ

dg2
.
3
i1=2
(9)
where dεax is the applied incremental plastic axial strain and dg is
the applied incremental plastic shear strain (see Supplementary
document 1). In the engineering materials' literature, almost all
comparisons of stress/strain curves obtained using different
loading geometries have been made using Eq. (9). In principle, the
comparison should be carried out using equivalent strains deﬁned
for the yield criterion under consideration, but the differences
arising from the different deﬁnitions of equivalent strain are
generally smaller than experimental uncertainty (e.g. Rees, 2006,
p.285e286). For completeness the expressions for the equivalent
strains deﬁned for the other yield criteria are given in Supple-
mentary document 1.
3. Deformation apparatus
One of the most widely used apparatus for deforming geologicalsamples at elevated conﬁning pressures and temperatures is the
Paterson gas-medium, internally-heated, rock deformation appa-
ratus (Paterson, 1990). This is now installed in several experimental
rock deformation laboratories around the world, and in most of
these laboratories the apparatus is also equipped with a module
that allows cylindrical samples to be deformed in torsion (Paterson
and Olgaard, 2000). Although in basic design the apparatus allows
samples to be deformed under simultaneously applied axial loads
and torques, some design adjustments are required to implement
this in a practical manner.
In this apparatus torques are applied from the top and axial
loads from the bottom (Fig. 4a). The axial load and torque are both
measured by a load cell consisting of a single elastic element that is
located inside the pressure vessel and which undergoes measur-
able elastic distortions in response to applied loads and torques.
The sample assembly (sample with pistons above and below) is
inserted from the top into the load cell, which is ﬁxed to the bottom
closure plug and is prevented from rotating. The torque reaction
between the sample assembly and the load cell is provided by a set
of axially aligned splines on the lower piston end-piece (Fig. 4b, c).
In this arrangement, when used in torsion it is important to be able
to detect the point during initial twisting when all the slack within
the apparatus (necessary to allow test assembly) has been taken up
and the splines have engaged (see Fig. 4b). This requires that the
sample assembly, during this initial twisting, is able to rotate
without experiencing a torque. In a pure torsion test this is ach-
ieved by leaving a small gap on the surface (asterisked in Fig. 4a)
between the sample assembly and load cell. However, when there
is a simultaneously applied axial load no such gap can be left and
the resulting friction at this surface means that a torque is experi-
enced by the specimen from the onset of twisting before the splines
have engaged.
To overcome this difﬁculty we have installed a low friction
needle-roller, thrust bearing between the shoulder of the lower
piston end-piece and the load cell (Fig. 4c, d). With this bearing in
place, the point at which the splines engage can be detected at
applied axially compressive loads of up to 40 kN (Fig. 5). The fact
that the axial load and torque are measured by a single elastic
element means that there is some sensitivity (colloquially referred
to as cross-talk) of the torque sensor to changes in axial load and
vice versa. In practice, we have found that if care was taken over
alignment of the axial column during test assembly, then in torsion
experiments at constant axial load this cross-talk is not large
(Fig. 6).
Some extra details (including the thrust-bearing speciﬁcations)
of this inexpensive and relatively easily implemented modiﬁcation
are given in Supplementary document 2. Note, however, that this
solution applies only for torsion experiments performed under
constant axial compressive load because it does not address the
matter of axial sliding friction along the engaged surfaces of the
splines that would come into play if the axial loads were to be
varied during deformation. Moreover, cross-talk is likely to be a
signiﬁcant concern if axial loads and torques are varied
simultaneously.
4. Experimental methods
4.1. Starting materials
The experiments of this study were performed on Carrara
marble and Solnhofen limestone. Both are monomineralic, poly-
crystalline, calcite rocks but have different mean grain sizes. The
choice of calcite was primarily motivated by a wish to avoid a
material that presents additional technical or interpretative difﬁ-
culties over and above those presented by the combined stress tests
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geological materials to use to obtain high quality plastic deforma-
tion data at experimentally convenient conditions, that is, it is
neither too weak nor too strong or brittle at easily accessible
temperatures and conﬁning pressures. Moreover, it is arguably the
best characterized of all geological materials in conventional pure
shear and simple shear tests (e.g. Renner and Evans, 2002; De
Bresser et al., 2002; Austin and Evans, 2009). The experiments
were performed on two texturally different calcite rocks in case the
rate of anisotropy development, which was expected to be different
in each of the sets of experiments, had any signiﬁcant impact on the
ﬁndings.
The Carrara marble samples were obtained from the same block
of Lorano Bianco marble that was characterized in detail by Pieri
et al. (2001a). This is a white, granoblastic, pure calcite marble
with mean grain size of about 150 mm, and crystallographic- and
shape-preferred orientations that are very weak (Pieri et al., 2001a,
Fig. 2). The Solnhofen limestone samples were obtained from the
same block as described by Llana-Fúnez and Rutter (2005). This is a
ﬁne-grained (~5 mm) limestone with a porosity of 5% and which
comprises 97% calcite and 3% impurity phases (primarily organic
matter and clay minerals along the grain boundaries). It has a weak
crystallographic preferred orientation characterized by a broad
girdle of c-axes parallel to the bedding plane that has a maximum
intensity of 1.9 times uniform (Llana-Fúnez and Rutter, 2005, Fig. 2).
For both starting materials, cylindrical specimens, 10 mm in
diameter and approximately 25 mm long, were cored from the
blocks. For the Solnhofen limestone specimens the long axis of the
cores was normal to bedding. All specimens were stored in an oven
at 80 C until required for use.
4.2. Experimental conditions
The experiments were all performed on solid, right-circular
cylindrical samples that were deformed in torsion at constant
twist-rate while being simultaneously held at constant axial load.
Additional experiments were performed in axial compression and
axial extension (t ¼ 0) at constant displacement-rate, and in pure
torsion (sax ¼ 0) at constant twist-rate.
All the experiments were performed at a constant conﬁning
pressure of 300 MPa. Although the conﬁning pressure was
measured using a pressure transducer accurate to better than
±0.5 MPa no attempt was made to control the pressure, either
during or between experiments, to better than 3 MPa. The exper-
iments were performed at a temperature of either 500 or 600 C.
During each test, temperature was constant along the length of the
sample to within 3 C. To isolate the samples from the conﬁning
medium (argon), they were jacketed in either iron or copper
sleeves. In each case these sleeves had a wall thickness of
0.375 mm.
Four sets of experiments were carried out: (1) Carrara marble at
500 C with the samples in iron jackets; (2) Carrara marble at
500 C with the samples in copper jackets; (3) Carrara marble at
600 C with the samples in copper jackets; (4) Solnhofen limestone
at 600 C with the samples in copper jackets. Each set comprised
several combined stress tests together with axial compression,
axial extension, and pure torsion experiments. Numerous recali-
brations of the load cell (axial force and torque sensors) and
apparatus compliance were undertaken at intervals during the
study after signiﬁcant apparatus disassemblies (e.g. to make im-
provements to the thrust-bearing design).
The experimental procedure adopted for the combined stress
experiments was ﬁrst to apply the desired axial load by running a
constant displacement-rate axial compression test. In most exper-
iments the displacement-rate used corresponded to an axial strain-rate of about 2  105 s1 but in those experiments at higher axial
load a faster displacement-rate was used (up to axial strain-rates of
about 1 104 s1) so that axial shortening during this phase of the
experiment was minimized. Once the desired axial load had been
obtained, it was held ﬁxed at that value while a constant twist-rate
torsion test was performed. The axial load was controlled (held
ﬁxed) using an external load cell. Prior to the initiation of the tor-
sion test proper, two twist-untwist cycles were quickly carried out
to small applied torques to establish the torque sensor zero. The
twist-rate applied was chosen to give a vonMises equivalent strain-
rate of about 2  105 s1 but since it was not adjusted to account
for simultaneous axial shortening, those samples deformed at
higher loads experienced up to about twice this equivalent strain-
rate. The torsion tests were generally continued to von Mises
equivalent strains of 0.2e0.25 before removing ﬁrst the torque, and
then the axial load.
4.3. Data analysis
The axial strain, εax, was evaluated from the change in position
of the apparatus crosshead after subtracting the elastic deforma-
tion of the apparatus axial column. The axial strain of the specimen
is speciﬁed here as logarithmic strain. Comparison of the axial
strain evaluated in this way with the ﬁnal length of the samples
measured after the experiment indicates that the values of εax are
accurate to better than a strain of 0.2%. Shear strain, g, was evalu-
ated using Eq. (3) of Paterson and Olgaard (2000). The value of twist
used in this equationwas obtained from the twist-rate measured in
each test multiplied by the time elapsed. All equivalent strains, εeq,
are von Mises equivalent strains given by Eq. (9) in which dεax and
dg are approximated by εax and g respectively, that is, by the total
axial and shear strains. The axial strain-rate, _εax, and shear strain-
rate, _g, were evaluated from the change in εax and g respectively
(ﬁnal strain minus initial strain) during the torsion part of the test,
divided by the time elapsed.
The axial stress, sax, was evaluated from the axial load divided
by the sample cross sectional area. The sample cross sectional area
was corrected for sample aspect ratio (length/diameter) change
during shortening or extension using εax and assuming constant
volume deformation. The shear stress, t, was evaluated using Eq.
(10) of Paterson and Olgaard (2000), in which the sample diameter
at any axial strain was also corrected for sample aspect ratio
change. The power law creep exponent, n, in Eq. (10) of Paterson
and Olgaard (2000) was obtained from analysis of previously
published datasets (n ¼ 25 for Carrara marble at 500 C; n ¼ 17 for
Carraramarble at 600 C; n¼ 4.7 for Solnhofen limestone at 600 C;
see Supplementary document 3). These values of n for Carrara
marble provide excellent empirical descriptions of the 500 and
600 C experimental data over a limited strain-rate range
(104e106 s1) but should not be considered as physically
meaningful.
Comparison of the tests reported in this study is carried out
using the ﬂow stress supported at εeq ¼ 0.10. Ideally, the compari-
son should be done using the yield stress to avoid any differences in
the samples that might arise from different strain paths leading up
to the point at which they are compared. Several different methods
of deﬁning the yield stress are widely used for engineering mate-
rials deformed at room pressure (e.g. Rees, 2006, p.71e72), all of
which are variants of determining the departure from linear elastic
behaviour at εeq ≪ 0.01. The lower resolution of the strain mea-
surements in experiments performed at high conﬁning pressure,
coupled with the two stage loading strategy used in this study
(axial compression followed by torsion at constant axial load)
required an alternative approach. The stress supported at 10% axial
strain is widely used as a measure of strength in experimental rock
Table 1
Summary of the experiments. Axial compression and axial extension tests are listed as ‘compression’ and ‘extension’; all other tests are torsion tests under the indicated axial
load. Tabulated are the von Mises equivalent stress (seq), axial stress (sax) and shear stress (t) supported at a von Mises equivalent strain of 0.10 after correcting the measured
value of seq to a von Mises equivalent strain-rate ( _εeq) of 2.1  105 s1 (magnitude of correction in MPa in brackets) and applying a jacket correction. The values of the axial
strain (εax), the deviatoric stress invariants (J2, J3) and Lode's stress parameter (L) as calculated from sax and t, and the value of sy used for each set of experiments when plotting
Figs. 8 and 9 are also given.
Test Axial load kN _εeq s1 (MPa) εax at εeq ¼ 0.1 seq MPa sax MPa t MPa J2 MPa2 J3 MPa3 L
Carrara marble at 500 C (Fe jacket) (sy ¼ 221.5 MPa)
MP002 compression 1.05  105 (þ5.8) 0.100 221.4 221.4 0 16,339 803,895 1
MP012 extension 1.75  105 (þ1.5) 0.100 221.2 221.2 0 16,310 801,718 þ1
MP007 0 2.05  105 (þ0.2) 0 227.8 0 131.5 17,292 0 0
MP117 0 2.03  105 (þ0.3) 0 223.0 0 128.8 16,589 0 0
MP127 1.6 2.11  105 (0) 0.010 224.6 19.6 129.2 16,821 109,616 0.076
MP134 2.3 2.10  105 (0) 0.010 226.7 28.1 129.9 17,137 159,697 0.108
MP026 6.1 2.18  105 (0.3) 0.021 220.1 71.9 120.1 16,147 373,228 0.287
MP133 8.6 2.37  105 (1.0) 0.036 223.6 102.7 114.7 16,672 530,614 0.409
MP021 9.4 2.30  105 (0.8) 0.036 221.2 109.1 111.1 16,311 545,074 0.441
MP027 15.3 3.17  105 (3.5) 0.080 215.8 170.1 76.7 15,528 698,128 0.743
MP030 16.7 3.89  105 (5.2) 0.095 220.3 182.9 70.9 16,178 759,686 0.790
MP028 18.0 3.75  105 (4.9) 0.096 232.2 196.8 71.1 17,965 896,223 0.811
MP032 19.1 4.94  105 (7.2) 0.098 221.7 208.5 43.5 16,383 802,916 0.923
Carrara marble at 500 C (Cu jacket) (sy ¼ 210.5 MPa)
MP054 compression 6.97  105 (10.1) 0.100 212.0 212.0 0 14,981 705,787 1
MP055 compression 2.03  105 (þ0.3) 0.100 209.0 209.0 0 14,560 676,247 1
MP098 extension 1.87  105 (þ1.0) 0.100 210.4 210.4 0 14,756 689,927 þ1
MP049 0 2.06  105 (þ0.2) 0 214.5 0 123.9 15,351 0 0
MP124 2.9 2.14  105 (0.2) 0.025 216.0 33.4 123.2 15,550 171,744 0.134
MP041 4.4 2.17  105 (0.3) 0.019 217.7 51.4 122.1 15,789 265,490 0.206
MP050 4.9 2.16  105 (0.2) 0.021 214.1 58.7 118.9 15,286 291,600 0.240
MP053 6.4 2.31  105 (0.8) 0.029 213.9 79.4 114.7 15,258 385,277 0.327
MP051 10.3 2.58  105 (1.7) 0.058 215.7 119.3 103.7 15,498 553,411 0.499
Carrara marble at 600 C (Cu jacket) (sy ¼ 140.0 MPa)
MP059 compression 2.10  105 (0) 0.100 140.9 140.9 0 6618 207,205 1
MP099 extension 1.93  105 (þ0.8) 0.100 139.0 139.0 0 6440 198,935 þ1
MP115 0 2.05  105 (þ0.2) 0 148.7 0 85.8 7362 0 0
MP073 3.5 2.26  105 (0.6) 0.024 139.5 42.6 76.7 6488 89,264 0.268
MP066 5.6 2.34  105 (0.9) 0.033 144.3 67.4 73.6 6932 144,381 0.416
Solnhofen limestone at 600 C (Cu jacket) (sy ¼ 122.0 MPa)
MP095 extension 1.94  105 (þ2.0) 0.100 122.3 122.3 0 4986 135,502 þ1
MP067 0 2.04  105 (þ0.7) 0 127.0 0 73.3 5373 0 0
MP135 1.6 2.12  105 (0.2) 0.018 127.1 18.0 72.6 5379 32,057 0.123
MP071 3.7 2.33  105 (2.7) 0.034 127.5 43.4 69.2 5416 75,331 0.299
MP069 6.3 3.02  105 (9.6)a 0.071 122.9 73.0 57.1 5037 108,153 0.539
MP070 9.7 4.55  105 (21.4)a 0.096 119.1 109.1 27.6 4729 123,895 0.892
a Strain-rate correction not applied.
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Fig. 7. Complete set of equivalent stress/equivalent strain curves for the tests listed in Table 1. The curves are labelled with the axial load (in kN) that was simultaneously applied
during torsion; ‘c’ is an axial compression test and ‘e’ is an axial extension test. The stresses have had the small strain-rate correction applied (apart from the 6.3 and 9.7 Solnhofen
limestone curves) but have not been corrected for that part of the load and torque that is supported by the metal jacket around the sample.
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Fig. 8. Comparison of the stresses supported by Carrara marble and Solnhofen limestone at a von Mises equivalent strain of 0.1 with the yield functions of Tresca (T), von Mises
(vM), and Drucker (D; upper and lower bounds). (Left) The data plotted as shear stress (t) supported at different applied axial stresses (sax) with both normalized by the stress (sy)
supported at an axial strain of 0.1 in an axial compression test. (Right) The same data plotted as the maximum differential stress normalized by sy versus Lode's stress parameter.
The data are well described by the Drucker yield function with c ¼ 1.
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Fig. 9. The stresses supported by Carrara marble and Solnhofen limestone at a von
Mises equivalent strain of 0.1 shown on the p-plane. The data obtained in this study
cover only a 30 sector but they have been repeated assuming isotropy, pressure in-
dependence, and no Bauschinger effect, that is, on the assumption that the yield locus
has hexagonal symmetry about the origin. Within experimental uncertainty, the data
lie in the shaded area of this plot, that is, they are consistent with Drucker's plastic
stability postulate.
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rate of change of stress with strain in constant strain-rate experi-
ments is generally small. Our choice of εeq¼ 0.10 simply follows this
practice. The choice of three different sets of experimental condi-
tions and two texturally different starting materials was motivated
in part by the need to assess whether or not the strain path fol-
lowed up to this strain had a signiﬁcant impact on the ﬁndings.
A small correction to the von Mises equivalent ﬂow stresssupported at εeq ¼ 0.10 was applied to account for the strain-rate
variations between tests. This correction was calculated from the
difference in ﬂow stress predicted by published ﬂow laws for Car-
rara marble and Solnhofen limestone (Schmid et al., 1977; Covey-
Crump, 1998) at the equivalent strain-rate in the test compared to
that at 2.1 105 s1 (see Supplementary document 3). In addition,
both the axial stress and the shear stress supported at εeq ¼ 0.10
were corrected for the load and torque supported by the metal
jacket around the sample. This correction was evaluated using the
iron and copper ﬂow stresses predicted at the experimental con-
ditions by the mechanical parameters for these materials compiled
by Frost and Ashby (1982). At 500 C the von Mises equivalent
stress supported by Carrara marble at this strain is systematically
about 11 MPa stronger for samples deformed in iron jackets than
for samples deformed in copper jackets. This probably means that
the strength of the iron jacket has been considerably under-
estimated at 500 C and 2.1  105 s1, but no attempt has been
made to correct for this because the primary focus of the present
study is in the comparison of stresses within each dataset rather
than between the datasets. Full details of the jacket corrections and
a description of comparisons between the results from iron- and
copper-jacketed samples are given in Supplementary document 4.
Based on calibration uncertainties and repeat tests, the un-
certainties on the axial stresses and shear stresses are 2e3 MPa.
However, as the results from samples with different jackets illus-
trates, this uncertainty refers to the precision of these stresses
within this study rather than to their accuracy.
The outcome of the tests was critically sensitive to the axial
alignment of the sample assembly and the impact that alignment
had on the performance of the torque sensor and thrust-bearing
assembly. Problems of this kind were easy to detect as departures
from the behaviour illustrated in Figs. 5 and 6 and almost always
produced samples that were apparently weak and/or produced
load or torque vs. time curves with atypical slopes. The data pre-
sented here comprises only those tests for which we have high
conﬁdence that the torque sensor and thrust-bearing assembly
were behaving as intended.
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A summary of the tests is given in Table 1. This tabulation in-
cludes the values of the deviatoric stress invariants, J2 and J3,
evaluated using Eqs. (7a) and (7b). Lode's stress parameter, L,
deﬁned as
L ¼ ð2s2  s1  s3Þ=ðs1  s3Þ (10)
provides a convenient measure of the relative weighting of torsion
and axial loading (L ¼ 0 for pure torsion and L ¼ 1 for axial
shortening). Hence this is also tabulated.
Stress/strain curves plotted as von Mises equivalent stress
versus vonMises equivalent strain are shown for all of these tests in
Fig. 7. For visual clarity the part of the stress/strain curve that was
generated during the initial axial loading phase of the combined
axial compression þ torsion tests is omitted but the equivalent
strain in the ﬁgure is deﬁned with respect to the start of the axial
loading phase, and so the strain at the start of each curve in Fig. 7
indicates the strain that occurred prior to the torsion phase. For
jLj < 0.5 (small axial loads), the magnitude of the strain prior to the
torsion phase was less than 0.01 (1%).
Samples deformed under large axial loads shortened consider-
ably during torsion, and hence deformed at faster strain-rates. The
strain-rate correction to the ﬂow stress (to a common strain-rate of
2.1  105 s1) is small because the strain-rate sensitivity of the
ﬂow stress of Carraramarble at the deformation conditions is small.
However, this is not true for Solnhofen limestone. Because the
magnitude of the strain-rate correction is very sensitive to accuracy
of the values of the material parameters in the Solnhofen limestone
ﬂow law, we have not applied it to the two Solnhofen limestone
samples under greatest axial load, and so the values of the ﬂow
stresses given for those tests in Table 1 should be regarded as over-
estimates.
In Fig. 8 the data given in Table 1 are plotted in the same way as
in Fig. 1. The data lie close to the von Mises yield function but are
consistently above it, that is, they are better described by the
Drucker yield function (Eq. (8c)) with c < 0. No attempt has been
made to ﬁt a value of c but the data are well described within
experimental uncertainty by c ¼ 1. With this value of c, Eq. (8c)
becomes
seq ¼ 3
h
J2
3 þ J32
.
31
i1=6
(11)
Using the values of J2 and J3 in Table 1, J23 is about an order of
magnitude greater than J32. There is no signiﬁcant difference in the
ﬁndings for Carrara marble and Solnhofen limestone at these small
strains.
Plotting the data on the p-plane, assuming isotropy, pressure
independence, and no Bauschinger effect, visually highlights the
departure from the von Mises yield function (Fig. 9). Within
experimental uncertainty, the data satisfy Drucker's plastic stability
postulate, that is, the data plot within the shaded area of Fig. 9 as
they must do if the yield surface is to be everywhere convex while
also passing through the vertices of the inner hexagon in this ﬁgure.
6. Discussion
Plotting the stresses supported at εeq ¼ 0.10 in the manner
shown in Fig. 8 implicitly assumes that the mechanical state of the
samples at this equivalent strain is the same in all the tests within
each dataset. This is clearly an approximation. Differences in the
deformation microstructures, especially the crystallographic
preferred orientations, that are developed in calcite rocks under
different loading conﬁgurations are widely documented (e.g. Wenket al., 1986; Wenk et al., 1987; Barber et al., 2007; Llana-Fúnez and
Rutter, 2014). The development of crystallographic preferred ori-
entations in Carrara marble and Solnhofen limestone has been
investigated in axial compression and extension (e.g. Rutter et al.,
1994), in direct shear (e.g. Schmid et al., 1987; Llana-Fúnez and
Rutter, 2008), in torsion (e.g. Casey et al., 1998; Pieri et al.,
2001a,b; Barnhoorn et al., 2004), and along more complex strain
paths (e.g. Delle Piane and Burlini, 2008; Bruijn et al., 2011; De
Raadt et al., 2014). At the experimental conditions and small
strains in this study, twinning is an important deformation mech-
anism in Carrara marble, and leads to a crystallographic preferred
orientation that strengthens rapidly in axial compression tests at
εeq < 0.15 (Owens and Rutter, 1978). In contrast, at the experimental
conditions, twinning is not important in Solnhofen limestone and
so a different crystallographic preferred orientation develops, albeit
one that strengthens more slowly than that of Carrara marble
(Llana-Fúnez and Rutter, 2005). Consequently, the samples within
each dataset, and especially between each of the four datasets,
were inevitably in different states of anisotropy at εeq ¼ 0.10. These
differences are perhaps reﬂected in the different work-hardening
rates between the samples at smaller strains (Fig. 7), but the
observation that the data from each of the four datasets follows
similar trends on Fig. 8 suggests that the signiﬁcance of these de-
partures from isotropy on the form of the J3 dependence was small.
Evaluating descriptions of the plastic ﬂow properties of
geological materials that can account for their anisotropy remains
an important goal in experimental rock deformation, not least
because of its importance in geodynamical and glaciological
modelling applications (e.g. Hansen et al., 2012; Montagnat et al.,
2014). A wide range of yield functions for anisotropic engineering
materials have been proposed (e.g. Rees, 2006, p.83e85). The
relatively small J3 dependence observed for calcite rocks in this
study, suggests that, as for many engineering materials, there may
be considerable mileage in employing Hill's generalization of the
von Mises (J2 only) isotropic yield criterion developed to describe
the anisotropic yielding of an orthotropic material (Hill, 1948). This
can be evaluated from axial loading tests in three orthogonal di-
rections but validation of the resulting description requires com-
bined stress tests under different strain paths (e.g. Rees, 2006,
p.339e367). Among these combined stress tests, one that is of
particular importance for orthotropic materials is a test in which
the ratio of axial stress and shear stress is held ﬁxed as the sample is
loaded. While, in principle, such tests can be performed on the
Paterson rock deformation apparatus, to achieve adequate load
control will require a re-design of the load cell into two separate
elastic elements.
In advance of technical innovations of this kind, the apparatus
modiﬁcation described in this study provides a relatively straight-
forward way of modifying any Paterson deformation apparatus for
testing in transpression to large shear strains. This allows attempts
to partition natural deformation into pure shear and simple shear
components on the basis of crystallographic preferred orientation
asymmetry (e.g. Ratschbacher et al., 1991) to be examined experi-
mentally. More generally, by extending the range of strain paths
under which microstructural evolution in plastically deforming
rocks can be experimentally explored, texture evolution models
may be interrogated more thoroughly than has been possible
before.
7. Conclusions
We have implemented an inexpensive and relatively straight-
forward modiﬁcation to the Paterson rock deformation apparatus
that allows torsion tests to be performed under simultaneously
applied, constant axial loads. We have used this modiﬁcation to
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invariant of the deviatoric stress tensor, on the ﬂow stresses of
initially approximately isotropic polycrystalline calcite rocks. We
ﬁnd that there is a loading geometry effect which is well captured
by the Drucker yield function (Eq. (8c)) with c ¼ 1, but that in
common with many engineering materials, this effect is small.
Consequently, given other deformation modelling uncertainties,
the ﬂow properties are adequately approximated by the von Mises
yield function.
Although loading geometry as expressed by J3 has a second or-
der effect on the ﬂow properties, it exerts a profound inﬂuence on
the development of material anisotropy during plastic deformation,
and this is of ﬁrst order importance for plastic ﬂow properties. Our
results demonstrate that similar methods could be employed using
the Paterson rock deformation apparatus to characterize yield
surface shape in anisotropic materials. Ultimately, however, there is
a limit to what may be achieved with torsion under constant axial
load experiments, and a more thorough re-design of the apparatus
load cell is required to allow axial loads to be varied during torsion.
In advance of that, our current design modiﬁcations permit any
Paterson apparatus to be easily modiﬁed in order to be able to
generate samples that can be used to examine microstructural
development under a much greater range of loading geometries
than has previously been the case.
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